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8.5 Probability Distributions and Expected Value
Example/Discussion Problems
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b. Massachusetts had 28 deaths out of 7146 troops deployed.
Find the probability of at least this many deaths.

c. Florida had 54 deaths out of 62,572 troops deployed. Find
the probability of at most this many deaths.

d. Discuss why the assumption of independence may be
questionable.

67. Sports In many sports championships, such as the World Series
in baseball and the Stanley Cup final series in hockey, the winner
is the first team to win four games. For this exercise, assume that
each game is independent of the others, with a constant probabil-
ity p that one specified team (say, the National League team) wins.

a. Find the probability that the series lasts for four, five, six,
and seven games when p 5 0.5. (Hint: Suppose the National

League wins the series, so they must win the last game.
Consider how the previous games might come out. Then
consider the probability that the American League wins.)

b. Morrison and Schmittlein have found that the Stanley Cup
finals can be described by letting p 5 0.73 be the probability
that the better team wins each game. Find the probability
that the series lasts for four, five, six, and seven games.
Source: Chance.

c. Some have argued that the assumption of independence does not
apply. Discuss this issue. Source: Mathematics Magazine.

YOUR TURN ANSWERS 

1. 0.1475 2. 0.2734 3. 0.009617
4. 0.7459 5. 0.9372 

Probability Distributions; Expected Value
What is the expected payback for someone who buys one ticket in a raffle?

8.5
APPLY IT 

In Example 3, we will calculate the expected payback or expected value of this raffle.

We shall see that the expected value of a probability distribution is a type of average.
Probability distributions were introduced briefly in Chapter 7 on Sets and Probability. Now
we take a more complete look at probability distributions. A probability distribution
depends on the idea of a random variable, so we begin with that.

Random Variables When researchers carry out an experiment it is necessary to
quantify the possible outcomes of the experiment. This process will enable the researcher
to recognize individual outcomes and analyze the data. The most common way to keep
track of the individual outcomes of the experiment is to assign a numerical value to each of
the different possible outcomes of the experiment. For example, if a coin is tossed 2 times,
the possible outcomes are: hh, ht, th, and tt. For each of these possible outcomes, we could
record the number of heads. Then the outcome, which we will label x, is one of the numbers
0, 1, or 2. Of course, we could have used other numbers, like 00, 01, 10, and 11, to indicate
these same outcomes, but the values of 0, 1, and 2 are simpler and provide an immediate
description of the exact outcome of the experiment. Notice that using this random variable
also gives us a way to readily know how many tails occurred in the experiment. Thus, in
some sense, the values of x are random, so x is called a random variable.

Random Variable
A random variable is a function that assigns a real number to each outcome of an
experiment.

Probability Distribution A table that lists the possible values of a random vari-
able, together with the corresponding probabilities, is called a probability distribution.
The sum of the probabilities in a probability distribution must always equal 1. (The sum in
some distributions may vary slightly from 1 because of rounding.)

Computer Monitors

A shipment of 12 computer monitors contains 3 broken monitors. A shipping manager
checks a sample of four monitors to see if any are broken. Give the probability distribution
for the number of broken monitors that the shipping manager finds.

EXAMPLE  1

1. An experiment consists of rolling two fair 6-sided dice.

• The first die has its faces labeled 1, 3, 3, 5, 5, 5.

• The second die has its faces labeled 2, 2, 2, 4, 4, 6.

Define the random varible X and Y as follows.

• x = sum of faces rolled

• y = non-negative difference of faces rolled

For each random variable, create a table that lists its possible values and the correspond-

ing probabilities that the random variable equals these values.

x

p(x)

y

p(y)

8.5 Probability Distributions; Expected Value 389

b. Massachusetts had 28 deaths out of 7146 troops deployed.
Find the probability of at least this many deaths.

c. Florida had 54 deaths out of 62,572 troops deployed. Find
the probability of at most this many deaths.

d. Discuss why the assumption of independence may be
questionable.

67. Sports In many sports championships, such as the World Series
in baseball and the Stanley Cup final series in hockey, the winner
is the first team to win four games. For this exercise, assume that
each game is independent of the others, with a constant probabil-
ity p that one specified team (say, the National League team) wins.

a. Find the probability that the series lasts for four, five, six,
and seven games when p 5 0.5. (Hint: Suppose the National

League wins the series, so they must win the last game.
Consider how the previous games might come out. Then
consider the probability that the American League wins.)

b. Morrison and Schmittlein have found that the Stanley Cup
finals can be described by letting p 5 0.73 be the probability
that the better team wins each game. Find the probability
that the series lasts for four, five, six, and seven games.
Source: Chance.

c. Some have argued that the assumption of independence does not
apply. Discuss this issue. Source: Mathematics Magazine.

YOUR TURN ANSWERS 

1. 0.1475 2. 0.2734 3. 0.009617
4. 0.7459 5. 0.9372 

Probability Distributions; Expected Value
What is the expected payback for someone who buys one ticket in a raffle?

8.5
APPLY IT 

In Example 3, we will calculate the expected payback or expected value of this raffle.

We shall see that the expected value of a probability distribution is a type of average.
Probability distributions were introduced briefly in Chapter 7 on Sets and Probability. Now
we take a more complete look at probability distributions. A probability distribution
depends on the idea of a random variable, so we begin with that.

Random Variables When researchers carry out an experiment it is necessary to
quantify the possible outcomes of the experiment. This process will enable the researcher
to recognize individual outcomes and analyze the data. The most common way to keep
track of the individual outcomes of the experiment is to assign a numerical value to each of
the different possible outcomes of the experiment. For example, if a coin is tossed 2 times,
the possible outcomes are: hh, ht, th, and tt. For each of these possible outcomes, we could
record the number of heads. Then the outcome, which we will label x, is one of the numbers
0, 1, or 2. Of course, we could have used other numbers, like 00, 01, 10, and 11, to indicate
these same outcomes, but the values of 0, 1, and 2 are simpler and provide an immediate
description of the exact outcome of the experiment. Notice that using this random variable
also gives us a way to readily know how many tails occurred in the experiment. Thus, in
some sense, the values of x are random, so x is called a random variable.

Random Variable
A random variable is a function that assigns a real number to each outcome of an
experiment.

Probability Distribution A table that lists the possible values of a random vari-
able, together with the corresponding probabilities, is called a probability distribution.
The sum of the probabilities in a probability distribution must always equal 1. (The sum in
some distributions may vary slightly from 1 because of rounding.)

Computer Monitors

A shipment of 12 computer monitors contains 3 broken monitors. A shipping manager
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EXAMPLE  1
Note 1. If a random variable has n possible values x1, x2, . . . , xn then

p(x1) + p(x2) + . . .+ p(xn) = 1.

Note 2. When a random variable has only a finite number of possble values, a prob-
ability distribution is a function that assigns a probability to every possible value of

the random variable. In this case, a probability distribution is also called a probability
distribution function, or simply a probability function.

2. Three batteries are randomly selected from a drawer that contains 12 new batteries and

6 old batteries. Define the random variable x to be the number of new batteries selected.

Describe the probability distribution with a table and a histogram. Round all probabili-

ties to 4 decimal places.
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3. Suppose the experiment in example 2 is repeated 10,000 times. How many times would

you expect to select x = 0 new batteries? x = 1? x = 2? x = 3? Using these values, what

would be the average number of new batteries selected over all 10,000 repititions of the

experiment?

CHAPTER 8 Counting Principles; Further Probability Topics392

heads, 2 of the 4 times we would get 1 head, and 1 of the 4 times we would get 2 heads. The
total number of heads we would get, then, is

The expected numbers of heads per toss is found by dividing the total number of heads by
the total number of tosses, or

Notice that the expected number of heads turns out to be the sum of the three values of the
random variable x multiplied by their corresponding probabilities. We can use this idea to
define the expected value of a random variable as follows.

Expected Value
Suppose the random variable x can take on the n values Also, suppose
the probabilities that these values occur are, respectively, Then the
expected value of the random variable is

.

Computer Monitors

In Example 1, find the expected number of broken monitors that the shipping manager finds.

SOLUTION Using the values in the first table in this section and the definition of expected
value, we find that

On average, the shipping manager will find 1 broken monitor in the sample of 4. On reflec-
tion, this seems natural; 3 of the 12 monitors, or of the total, are broken. We should
expect, then, that of the sample of 4 monitors are broken.

Physically, the expected value of a probability distribution represents a balance point. If
we think of the histogram in Figure 8 as a series of weights with magnitudes represented by
the heights of the bars, then the system would balance if supported at the point correspond-
ing to the expected value.

Symphony Orchestra

Suppose a local symphony decides to raise money by raffling an HD television worth $400,
a dinner for two worth $80, and 2 CDs worth $20 each. A total of 2000 tickets are sold at $1
each. Find the expected payback for a person who buys one ticket in the raffle.

SOLUTION
Here the random variable represents the possible amounts of payback, where payback
amount won cost of ticket. The payback of the person winning the television is $400
(amount won) (cost of ticket) The payback for each losing ticket is

The paybacks of the various prizes, as well as their respective probabilities, are shown
in the table on the next page. The probability of winning $19 is because there are 2
prizes worth $20. We have not reduced the fractions in order to keep all the denominators
equal. Because there are 4 winning tickets, there are 1996 losing tickets, so the probability
of winning is 1996 /2000.2$1

2 /2000

$0 2 $1 5 2$1.
5 $399.2 $1

2
5

1 /4
1 /4

E 1x 2 5 0 . 14
55

1 1 . 28
55

1 2 . 12
55

1 3 . 1
55

5 1.

E 1 x 2 5 x1  p1 1 x2 p2 1 x3 p3 1 ? ? ? 1 xn pn

p1 , p2 , p3 , * , pn .
x1 , x2 , x3 , * , xn .

0 . 1 1 1 . 2 1 2 . 1
4

5 0 . 1
4

1 1 . 1
2

1 2 . 1
4

5 1.

0 . 1 1 1 . 2 1 2 . 1 5 4.

EXAMPLE  3

EXAMPLE  4

Method 1
Direct Calculation

APPLY IT 

4. A school raises money by selling 2,500 raffle tickets for $10 each. After selling all of the

tickets, 6 tickets ae chosen randomly to receive prizes: 3 tickets win $500 each, 2 tickets

win $1,000 each, and one tickets wins $5,000. Define the random variable x to be the

amount of money won/lost by purchasing one raffle ticket.

x = money in � money out

What is the expected value of x?

5. In any given calendar year, a factory worker has a 0.6% chance of becoming disabled on

the job and unable to work. Thus, a labor union offers factory workers a 1-year disability

isnsurance policy such that workers who purchase the policy and experience a workplace

disability receive a one-time payment of $250,000. If the labor union simply wants to

break even, how much should they charge for this policy?

6. Suppose 68% of americans own a car. If 3 american are randomly selected and x is the

number that own a car, find the expected value for x.8.5 Probability Distributions; Expected Value 395

Expected Value for Binomial Probability
For binomial probability, In other words, the expected number of successes
is the number of trials times the probability of success in each trial.

Female Children

Suppose a family has 3 children.

(a) Find the probability distribution for the number of girls.

SOLUTION Assuming girls and boys are equally likely, the probability distribution is
binomial with and Letting x be the number of girls in the formula for
binomial probability, we find, for example,

The other values are found similarly, and the results are shown in the following table.

P 1x 5 0 2 5 C 1 3, 0 2 a1
2
b0a1

2
b3

5
1
8

 .

p 5 1 /2.n 5 3

E 1x 2 5 np.

x 0 1 2 3

1 /83 /83 /81 /8P 1x 2Probability Distribution of Number of Girls

EXAMPLE  8

We can verify this by noticing that in the sample space S of all 3-child families,
there are eight equally likely outcomes: ggb, gbg, gbb, bgg, bgb, bbg, 
One of the outcomes has 0 girls, three have 1 girl, three have 2 girls, and one has 3 girls.

(b) Find the expected number of girls in a 3-child family using the distribution from 
part (a).

SOLUTION Using the formula for expected value, we have

On average, a 3-child family will have 1.5 girls. This result agrees with our intuition
that, on average, half the children born will be girls.

(c) Find the expected number of girls in a 3-child family using the formula for expected
value for binomial probability.

SOLUTION Using the formula with and we have

This agrees with our answer from part (b), as it must. TRY YOUR TURN 5

Expected number of girls 5 3a1
2
b 5 1.5.

p 5 1 /2,n 5 3E 1x 2 5 np

 5
12
8

5 1.5.

 Expected number of girls 5 0a1
8
b 1 1a3

8
b 1 2a3

8
b 1 3a1

8
b

bbb6.S 5 5ggg,

YOUR TURN 5 Find the
expected number of girls in a family
of a dozen children.

8.5 EXERCISES
For each experiment described below, let x determine a random
variable, and use your knowledge of probability to prepare a
probability distribution.

1. Four coins are tossed, and the number of heads is noted.

2. Two dice are rolled, and the total number of points is recorded.

3. Three cards are drawn from a deck. The number of aces is
counted.

4. Two balls are drawn from a bag in which there are 4 white balls
and 2 black balls. The number of black balls is counted.

Draw a histogram for the following, and shade the region that
gives the indicated probability.

5. Exercise 1; 

6. Exercise 2; P 1x $ 11 2P 1x # 2 2
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