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Union and Intersection
Since events are subsets of a sample space, the union and intersection of events are sim-
ply the union and intersection of sets as defined in the following box. In this section, we 
concentrate on the union of events and consider only simple cases of intersection. More 
complicated cases of intersection will be investigated in the next section.

DEFINITION Union and Intersection of Events*
If A and B are two events in a sample space S, then the union of A and B, denoted by 
A ! B, and the intersection of A and B, denoted by A ¨ B, are defined as follows:

A ! B = 5e " S # e " A or e " B6  A ¨ B = 5e " S # e " A and e " B6
BA

A < B is shaded

S
BA

A > B is shaded

S

Furthermore, we define
The event A or B to be A ! B
The event A and B to be A ¨ B

*See Section 7.2 for a discussion of set notation.

Probability Involving Union and Intersection Consider the sample space of 
equally likely events for the rolling of a single fair die:

S = 51, 2, 3, 4, 5, 66
(A) What is the probability of rolling a number that is odd and exactly divisible by 3?
(B) What is the probability of rolling a number that is odd or exactly divisible by 3?

SOLUTION
(A) Let A be the event of rolling an odd number, B the event of rolling a number 

divisible by 3, and F the event of rolling a number that is odd and divisible  
by 3. Then (Fig. 1A)

A = 51, 3, 56  B = 53, 66  F = A ¨ B = 536
The probability of rolling a number that is odd and exactly divisible by 3 is

P1F2 = P1A ¨ B2 =
n1A ¨ B2

n1S2 =
1
6

(B) Let A and B be the same events as in part (A), and let E be the event of rolling a 
number that is odd or divisible by 3. Then (Fig. 1B)

A = 51, 3, 56  B = 53, 66  E = A ! B = 51, 3, 5, 66
The probability of rolling a number that is odd or exactly divisible by 3 is

P1E2 = P1A ! B2 =
n1A ! B2

n1S2 =
4
6
=

2
3

EXAMPLE 1

(A)

S

A B

1

4

2

5

3

6

F 5 A > B

(B)

S

1

4

2

5

3

6

E 5 A < B

Figure 1

Matched Problem 1 Use the sample space in Example 1 to answer the 
 following:

(A) What is the probability of rolling an odd number and a prime number?
(B) What is the probability of rolling an odd number or a prime number?
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Intead of Venn diagrams, sometimes we use probability tables.

A A′

B P (A ∩B) P (A′ ∩B)

B′ P (A ∩B′) P (A′ ∩B′)

Example 1. Use the probability table below to find P (A), P (A′), P (B), P (B′).

A A′

B .13 .27

B′ .21 .39

Theorem 1 (Probability of the Union of Two Events). Given two events A,B ⊂ S,

P (A ∪B) = P (A) + P (B)− P (A ∩B)

Example 2. Suppose 18% of the players on a team are injured, 7% are sick, and 3% are

both injured and sick. What proprtion of players on the team are neither injured nor sick?

Definition 1. Two events A,B ⊂ S are mutually exclusive if A∩B = ∅ or, equivalently,

P (A ∩B) = 0.

Remark 1. In the case that A and B are mutually exclusive, we have P (A ∪B) = P (A) +

P (B).

Remark 2. Given any two events A,B ⊂ S, (A ∩ B) and (A ∩ B′) are mutually exclusive.

Thus,

P (A) = P (A ∩B) + P (A ∩B′).
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Theorem 2 (Probability of Complementary Events). For any event A ⊂ S, we have

P (A) + P (A′) = 1.

Example 3. Three batteries are taken from a drawer containing 12 fresh batteries and 6

dead batteries. Find the probability that at least one of the batteries taken is dead. SECTION 8.2   Union, Intersection, and Complement of Events; Odds 413

In looking for P1E2, there are situations in which it is easier to find P1E!2 first, 
and then use equations (2) to find P1E2. The next two examples illustrate two such 
situations.

(A) Suppose that E and F are complementary events. Are E and F necessarily mutu-
ally exclusive? Explain why or why not.

(B) Suppose that E and F are mutually exclusive events. Are E and F necessarily 
complementary? Explain why or why not.

Explore and Discuss 1

Quality Control A shipment of 45 precision parts, including 9 that are defective, 
is sent to an assembly plant. The quality control division selects 10 at random for 
testing and rejects the entire shipment if 1 or more in the sample are found to be 
defective. What is the probability that the shipment will be rejected?

SOLUTION If E is the event that 1 or more parts in a random sample of 10 are defec-
tive, then E!, the complement of E, is the event that no parts in a random sample of 
10 are defective. It is easier to compute P1E!2 than to compute P1E2 directly. Once 
P1E!2 is found, we will use P1E2 = 1 - P1E!2 to find P1E2.

The sample space S for this experiment is the set of all subsets of 10 elements 
from the set of 45 parts shipped. Thus, since there are 45 - 9 = 36 nondefective 
parts,

P1E!2 =
n1E!2
n1S2 = 36C10

45C10
" .08

and

P1E2 = 1 - P1E!2 " 1 - .08 = .92

Matched Problem 4 A shipment of 40 precision parts, including 8 that are 
defective, is sent to an assembly plant. The quality control division selects 10 at 
random for testing and rejects the entire shipment if 1 or more in the sample are 
found to be defective. What is the probability that the shipment will be rejected?

EXAMPLE 4

Birthday Problem In a group of n people, what is the probability that at least 
2 people have the same birthday (same month and day, excluding February 29)? 
Make a guess for a class of 40 people, and check your guess with the conclusion of 
this example.

SOLUTION If we form a list of the birthdays of all the people in the group, we have 
a simple event in the sample space

S = set of all lists of n birthdays

For any person in the group, we will assume that any birthday is as likely as any other, 
so that the simple events in S are equally likely. How many simple events are in the set 
S? Since any person could have any one of 365 birthdays (excluding February!29), the 
multiplication principle implies that the number of simple events in S is

EXAMPLE 5

1st  
person

2nd  
person

3rd  
person

nth 
person

 n1S2 =  365 #  365  #  365  # g #  365

 = 365n
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Example 4. In a group of n people, find the probability that at least 2 people share the

same birthday (same month and day, exluding February 29).

414 CHAPTER 8 Probability

Now, let E be the event that at least 2 people in the group have the same birthday. 
Then E! is the event that no 2 people have the same birthday. The multiplication 
principle can be used to determine the number of simple events in E!:

1st 
person

2nd 
person

3rd 
person

nth 
person

 n1E!2 = 365 #  364 #  363 # g #  1366 - n2
 =

3365 # 364 # 363 # g # 1366 - n241365 - n2!1365 - n2!

  Multiply numerator 
and denominator by 1365 - n2!.

 =
365!1365 - n2!

Since we have assumed that S is an equally likely sample space,

P1E!2 =
n1E!2
n1S2 =

365!1365 - n2!
365n =

365!
365n1365 - n2!

Therefore,

  P1E2 = 1 - P1E!2  (3)

 = 1 - 365!
365n1365 - n2!

Equation ( 3) is valid for any n satisfying 1 … n … 365. [What is P1E2 if n 7 365?]  
For example, in a group of 5 people,

 P1E2 = 1 - 365!13652 5 360!

 = 1 - 365 # 364 # 363 # 362 # 361 # 360!
365 # 365 # 365 # 365 # 365 # 360!

 = .027

It is interesting to note that as the size of the group increases, P1E2 increas-
es more rapidly than you might expect. Figure 6* shows the graph of P1E2 for 
1 … n … 39. Table 1 gives the value of P1E2 for selected values of n. If n = 5,  
Table 1 gives P1E2 = .027, as calculated above. Notice that for a group of only 
23 people, the probability that 2 or more have the same birthday is greater than 12.

*See Problem 71 in Exercises 8.2 for a discussion of the form of equation (3) used to produce the graph 
in Figure 6.

0
0

1

39

Figure 6

Table 1 Birthday Problem
Number 
of People 
in Group

Probability That 
2 or More Have 
Same Birthday

  n P1E2
 5 .027
10 .117
15 .253
20 .411
23 .507
30 .706
40 .891
50 .970
60 .994
70 .999 Matched Problem 5 Use equation (3) to evaluate P1E2 for n = 4.

Determine the smallest number n such that in a group of n people, the probability that 
2 or more have a birthday in the same month is greater than .5. Discuss the assump-
tions underlying your computation.

Explore and Discuss 2

Odds
When the probability of an event E is known, it is often customary (especially in 
gaming situations) to speak of odds for or against E rather than the probability of E. 
For example, if you roll a fair die once, then the odds for rolling a 2 are 1 to 5 (also 
written 1 : 5), and the odds against rolling a 2 are 5 to 1 (or 5 : 1). This is consistent 
with the following instructions for converting probabilities to odds.
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The ratio 
P1E2
P1E!2 , giving odds for E, is usually expressed as an equivalent ratio 

a
b

 of 

whole numbers (by multiplying numerator and denominator by the same number), 
and written “a to b” or “a : b.” In this case, the odds against E are written “b to a” or 
“b : a.”

Odds have a natural interpretation in terms of fair games. Let’s return to the ex-
periment of rolling a fair die once. Recall that the odds for rolling a 2 are 1 to 5. Turn 
the experiment into a fair game as follows: If you bet $1 on rolling a 2, then the house 
pays you $5 (and returns your $1 bet) if you roll a 2; otherwise, you lose the $1 bet.

More generally, consider any experiment and an associated event E. If the odds 
for E are a to b, then the experiment can be turned into a fair game as follows: If you 
bet $a on event E, then the house pays you $b (and returns your $a bet) if E occurs; 
otherwise, you lose the $a bet.

DEFINITION From Probabilities to Odds
If P1E2 is the probability of the event E, then

(A) Odds for E =
P1E2

1 - P1E2 =
P1E2
P1E!2  P1E2 " 1

(B) Odds against E =
P1E!2
P1E2  P1E2 " 0

Probability and Odds
(A) What are the odds for rolling a sum of 7 in a single roll of two fair dice?
(B) If you bet $1 on rolling a sum of 7, what should the house pay (plus returning 

your $1 bet) if you roll a sum of 7 in order for the game to be fair?

SOLUTION
(A) Let E denote the event of rolling a sum of 7. Then P1E2 = 6

36 = 1
6. So the 

odds for E are

P1E2
P1E!2 =

1
6
5
6

=
1
5

 Also written as “1 to 5” or “1 : 5.”

(B) The odds for rolling a sum of 7 are 1 to 5. The house should pay $5 (and return 
your $1 bet) if you roll a sum of 7 for the game to be fair.

Matched Problem 6
(A) What are the odds for rolling a sum of 8 in a single roll of two fair dice?
(B) If you bet $5 that a sum of 8 will turn up, what should the house pay (plus re-

turning your $5 bet) if a sum of 8 does turn up in order for the game to be fair?

EXAMPLE 6

Now we will go in the other direction: If we are given the odds for an event, what 
is the probability of the event? (The verification of the following formula is left to 
Problem 75 in Exercises 8.2.)

If the odds for event E are a ,b, then the probability of E is

P1E2 #
a

a $ b
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Example 5. Suppose you have a 25% chance of winning a particular game. Find the odds

in favor of you winning? Find the odds against you winning. If you bet $1 that you will win,

and this is to be a fair ganme, then how much money should the house pay if you win (plus

returing your $1 bet).
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Example 6. According to Fanduel.com, the odds in favor of the Philadelphia Phillies winning

the world series are 100:145. What is the probability that the Phillies win? How much money

would you win if you bet $100 on the Phillies and they win?

420 CHAPTER 8 Probability

24

12

140

(B)

Applications
79. Market research. From a survey involving 1,000 university 

students, a market research company found that 750 students 
owned laptops, 450 owned cars, and 350 owned cars and 
laptops. If a university student is selected at random, what is 
the (empirical) probability that

(A) The student owns either a car or a laptop?

(B) The student owns neither a car nor a laptop?

80. Market research. Refer to Problem 79. If a university student 
is selected at random, what is the (empirical) probability that

(A) The student does not own a car?

(B) The student owns a car but not a laptop?

81. Insurance. By examining the past driving records of city 
drivers, an insurance company has determined the following 
(empirical) probabilities:

Miles Driven per Year
Less 
Than 

10,000, 
M1

10,000–
15,000, 

Inclusive, 
M2

More 
Than 

15,000, 
M3 Totals

Accident A .05 .1 .15   .3

No Accident A! .15 .2 .35   .7

Totals   .2 .3   .5 1.0

If a city driver is selected at random, what is the probability that

(A) He or she drives less than 10,000 miles per year or has 
an accident?

(B) He or she drives 10,000 or more miles per year and has 
no accidents?

82. Insurance. Use the (empirical) probabilities in Problem 81 
to find the probability that a city driver selected at random

(A) Drives more than 15,000 miles per year or has an 
accident

(B) Drives 15,000 or fewer miles per year and has an 
accident

83. Quality control. A shipment of 60 game systems, includ-
ing 9 that are defective, is sent to a retail store. The receiving 
department selects 10 at random for testing and rejects the 
whole shipment if 1 or more in the sample are found to be 

75. If the odds in favor of an event E occurring are a to b, show that

P1E2 =
a

a + b

[Hint: Solve the equation P1E2 >P1E"2 = a>b for P1E2.]

76. If P1E2 = c>d, show that odds in favor of E occurring are  
c to d - c.

77. The command in Figure A was used on a graphing calculator 
to simulate 50 repetitions of rolling a pair of dice and recording 
their sum. A statistical plot of the results is shown in Figure B.

(A) Use Figure B to find the empirical probability of rolling 
a 7 or 8.

(B) What is the theoretical probability of rolling a 7 or 8?

(C) Use a graphing calculator to simulate 200 repetitions of 
rolling a pair of dice and recording their sum, and find 
the empirical probability of rolling a 7 or 8.

(A)

024

14

14

(B)

78.  Consider the command in Figure A and the associated statis-
tical plot in Figure B.

(A) Explain why the command does not simulate 50 repeti-
tions of rolling a pair of dice and recording their sum.

(B) Describe an experiment that is simulated by this command.

(C) Simulate 200 repetitions of the experiment you described 
in part (B). Find the empirical probability of recording a  
7 or 8, and the theoretical probability of recording a 7 or 8.

(A)
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87. Politics. If a state resident is selected at random, what is the 
(empirical) probability that the resident is

(A) Not affiliated with a political party or has no preference? 
What are the odds for this event?

(B) Affiliated with a political party and prefers candidate A? 
What are the odds against this event?

88. Politics. If a state resident is selected at random, what is the 
(empirical) probability that the resident is

(A) A Democrat or prefers candidate B? What are the odds 
for this event?

(B) Not a Democrat and has no preference? What are the 
odds against this event?

Answers to Matched Problems

1. (A) 
1
3

 (B) 
2
3

  2. (A) 
1
12

 (B) 
7
18

3. 
47
140

! .336  4. .92  5. .016

6. (A) 5 : 31 (B) $31  7. 5
11

! .455

8.  (A) P1D" ¨ R"2 = .1; odds for D" ¨ R" =
1
9

 or 1 : 9

  (B) P1D # R"2 = .6; odds against D # R" =
2
3

 or 2 : 3

defective. What is the probability that the shipment will be 
rejected?

84. Quality control. An assembly plant produces 40 outboard 
motors, including 7 that are defective. The quality control 
department selects 10 at random (from the 40 produced) for 
testing and will shut down the plant for troubleshooting if 1 
or more in the sample are found to be defective. What is the 
probability that the plant will be shut down?

85. Medicine. In order to test a new drug for adverse reactions, the 
drug was administered to 1,000 test subjects with the following 
results: 60 subjects reported that their only adverse reaction was 
a loss of appetite, 90 subjects reported that their only adverse 
reaction was a loss of sleep, and 800 subjects reported no 
adverse reactions at all. If this drug is released for general use, 
what is the (empirical) probability that a person using the drug 
will suffer both a loss of appetite and a loss of sleep?

86. Product testing. To test a new car, an automobile manufac-
turer wants to select 4 employees to test-drive the car for 1 
year. If 12 management and 8 union employees volunteer to 
be test drivers and the selection is made at random, what is 
the probability that at least 1 union employee is selected?

Problems 87 and 88 refer to the data in the following table, 
obtained from a random survey of 1,000 residents of a state. The 
participants were asked their political affiliations and their prefer-
ences in an upcoming election. (In the table, D = Democrat, 
R = Republican, and U = Unaffiliated.)

D R U Totals

Candidate A A 200 100  85   385

Candidate B B 250 230  50   530

No Preference N  50  20  15    85

Totals 500 350 150 1,000

In Section 8.2, we learned that the probability of the union of two events is related to 
the sum of the probabilities of the individual events (Theorem 1, p. 410):

P1A # B2 = P1A2 + P1B2 - P1A ¨ B2
In this section, we will learn how the probability of the intersection of two events is 
related to the product of the probabilities of the individual events. But first we must 
investigate the concept of conditional probability.

Conditional Probability
The probability of an event may change if we are told of the occurrence of another 
event. For example, if an adult (21 years or older) is selected at random from all 
adults in the United States, the probability of that person having lung cancer would 
not be high. However, if we are told that the person is also a heavy smoker, we would 
want to revise the probability upward.

In general, the probability of the occurrence of an event A, given the occurrence 
of another event B, is called a conditional probability and is denoted by P1A $ B2.

8.3 Conditional Probability, Intersection, and Independence
 % Conditional Probability
 % Intersection of Events: Product Rule
 % Probability Trees
 % Independent Events
 % Summary
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87. Politics. If a state resident is selected at random, what is the 
(empirical) probability that the resident is

(A) Not affiliated with a political party or has no preference? 
What are the odds for this event?

(B) Affiliated with a political party and prefers candidate A? 
What are the odds against this event?

88. Politics. If a state resident is selected at random, what is the 
(empirical) probability that the resident is

(A) A Democrat or prefers candidate B? What are the odds 
for this event?

(B) Not a Democrat and has no preference? What are the 
odds against this event?

Answers to Matched Problems

1. (A) 
1
3

 (B) 
2
3

  2. (A) 
1
12

 (B) 
7
18

3. 
47
140

! .336  4. .92  5. .016

6. (A) 5 : 31 (B) $31  7. 5
11

! .455

8.  (A) P1D" ¨ R"2 = .1; odds for D" ¨ R" =
1
9

 or 1 : 9

  (B) P1D # R"2 = .6; odds against D # R" =
2
3

 or 2 : 3

defective. What is the probability that the shipment will be 
rejected?

84. Quality control. An assembly plant produces 40 outboard 
motors, including 7 that are defective. The quality control 
department selects 10 at random (from the 40 produced) for 
testing and will shut down the plant for troubleshooting if 1 
or more in the sample are found to be defective. What is the 
probability that the plant will be shut down?

85. Medicine. In order to test a new drug for adverse reactions, the 
drug was administered to 1,000 test subjects with the following 
results: 60 subjects reported that their only adverse reaction was 
a loss of appetite, 90 subjects reported that their only adverse 
reaction was a loss of sleep, and 800 subjects reported no 
adverse reactions at all. If this drug is released for general use, 
what is the (empirical) probability that a person using the drug 
will suffer both a loss of appetite and a loss of sleep?

86. Product testing. To test a new car, an automobile manufac-
turer wants to select 4 employees to test-drive the car for 1 
year. If 12 management and 8 union employees volunteer to 
be test drivers and the selection is made at random, what is 
the probability that at least 1 union employee is selected?

Problems 87 and 88 refer to the data in the following table, 
obtained from a random survey of 1,000 residents of a state. The 
participants were asked their political affiliations and their prefer-
ences in an upcoming election. (In the table, D = Democrat, 
R = Republican, and U = Unaffiliated.)

D R U Totals

Candidate A A 200 100  85   385

Candidate B B 250 230  50   530

No Preference N  50  20  15    85

Totals 500 350 150 1,000

In Section 8.2, we learned that the probability of the union of two events is related to 
the sum of the probabilities of the individual events (Theorem 1, p. 410):

P1A # B2 = P1A2 + P1B2 - P1A ¨ B2
In this section, we will learn how the probability of the intersection of two events is 
related to the product of the probabilities of the individual events. But first we must 
investigate the concept of conditional probability.

Conditional Probability
The probability of an event may change if we are told of the occurrence of another 
event. For example, if an adult (21 years or older) is selected at random from all 
adults in the United States, the probability of that person having lung cancer would 
not be high. However, if we are told that the person is also a heavy smoker, we would 
want to revise the probability upward.

In general, the probability of the occurrence of an event A, given the occurrence 
of another event B, is called a conditional probability and is denoted by P1A $ B2.

8.3 Conditional Probability, Intersection, and Independence
 % Conditional Probability
 % Intersection of Events: Product Rule
 % Probability Trees
 % Independent Events
 % Summary
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