
Fordham University Mathematical Modelling 1700-R01, 15260

Final Exam

Answer all 11 questions for a total of 100 points. Write your solutions in
the accompanying blue book, and put a box around your final answers. If

you solve the problems out of order, please skip pages so that your
solutions stay in order. Good luck!

1. Suppose a lake is initially contaminated with 10 tons of polychlorinated biphenyls (PCBs)1. Each month,
a cleaning process is capable of filtering out 10% of all the PCBs present, but another 1/2 ton of PCBs
seeps into the lake.

(a) (2 points) Let xn be the number of tons of PCBs in the lake after n months. Give an iterative
equation that models how the number of tons of PCBs in the lake evolves from one month to the
next.

(b) (4 points) Give an exact solution for xn and use it do determine the amount of PCBs in the lake
after one year (12 months).

(c) (4 points) Determine the lowest PCB level that the lake will ever have under these conditions, and
justify your answer.

2. (a) (6 points) Evaluate

2022∑
n=1

(
5 +

2n

3n−1

)
.

(b) (6 points) Evaluate

2022∏
n=1

(
1 +

2n+ 1

n2

)
.

3. (6 points) Consider the following two sets of data.

n 0 1 2 3
xn 40 10 40 70

Data set A

n 0 1 2 3
xn 30 -50 110 -210

Data set B

One and only one of the data sets above can be modelled precisely by an autonomous linear equation.
Which one? Justify your answer.

4. (a) (5 points) Consider the linear population model Pn+1 = 1.3Pn − 800. For what values of P0 does
the population increase? Justify your answer.

(b) (5 points) Consider the linear population model Pn+1 = 0.8Pn + 500. For what values of P0 does
the population increase? Justify your answer.

5. (4 points) Let p be the unique solution to the equation

x5 + 3x3 = sinx+ 8.

Assuming x0 is sufficiently close to p, use Newton’s method of root-finding to give an iterative equation
xn+1 = f(xn) such that xn converges to p.

6. Consider the parametrized family of functions

fr(x) = rx(2− x2), r > 0.

(a) (6 points) Find all fixed points and their intervals of existence.

(b) (6 points) For each of the fixed points, determine its interval of stability.

1Polychlorinated biphenyls (PCBs) are highly carcinogenic chemical compounds, formerly used in industrial and consumer
products, whose production was banned in the United States by the Toxic Substances Control Act in 1979 and internationally
by the Stockholm Convention on Persistent Organic Pollutants in 2001.
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7. (a) (5 points) Find a and b such that {2, 4} a 2-cycle of f(x) = ax+ bx2?

(b) (5 points) Is the 2-cycle {2, 4} stable of unstable? Justify your answer.

8. Let A =

[
4 −1
4 −2

]
and ~b =

[
12
20

]
.

(a) (2 points) Find A2.

(b) (2 points) Find A−1.

(c) (4 points) Use your answer to part (b) to solve A~x = ~b.

9. Let
z =
√

3 + i and w = 2− i.

(a) (2 points) Find zw.

(b) (2 points) Find
z

w
.

(c) (4 points) Find z8. Hint: Use Euler’s formula eiθ = cos θ + i sin θ.

10. Consider the following predator-prey-migration model.

Pn+1 = Pn + 0.25Qn − 3

Qn+1 = −0.5Pn +Qn + 5

(a) (4 points) Find the fixed point.

(b) (4 points) Determine whether the fixed point in part (a) is stable or unstable by classifying it as a
sink, source, or saddle point.

(c) (2 points) Are there any periodic points? Briefly explain your answer.

11. Suppose a certain chronic illness has three distinct stages of severity. If someone is in Stage I, the
most benign state, there is a 90% chance of remaining there, and a 10% chance of progressing to the
intermediate Stage II. If someone is in Stage II there is an 80% chance of staying there, a 10% chance of
going on to the most severe Stage III, but another 10% chance of returning to Stage I. If someone is in
Stage III there is an 80% chance of remaining there, and a 20% chance of returning to Stage I.

(a) (2 points) Draw a transition diagram that summarizes the given information.

(b) (8 points) If the population of people with the disease is studied over an extended period of time,
what proportion should we expect to see in each of the three stages of the illness at any particular
time? Justify your answer.

12/19/2022 1:30-3:30pm Page 2 Dr. John Adamski


