
 
10.2 ProofBYSTRONG Induction

To show Pli n Pla r P3 a

i BASIS SHOW EXPURYTHAT PLI IS TRUE ORWHATEVER FIRSTCASE IS

14 STRONG INDoction SHOWTim Plit aPlan nPln Plate
in

KEYDIFFERENCE ASSUME PLK FOR IE KER
NotJust Pln

Ex TAM EVERY INTEGER RIZ HAS A PRIME FACTORIZATION

Proof ProofBY STRONG Induction
BASIS OBSERVETHAT FOR RIZ 2 IS PRUE
THUS 2 IS ITS OWN PRIME FACTORIZATION

STRONG INDUCTION NOW WE ASSUME ALL INTEGERS Z E K E R
HAVEPRUEFACTORIZATIONS AND MUST SHOW At 1 HAS A PRIME FAOUZATION

CASE1 IF Ntl is PRIME THENIT IS ITS OWNPRIME FACTORIZATION

CASE2 IF Ntl is Not PRUE THEN WE HAVE Nt I ab For
SOME INTEGERS 2 E a b E N
Bolt a b HAVE PRIME FACTORIZATIONS SAY

a PPa p b pp pl
Tt

na ab ppi p pips p

IS A PRIME FACTORIZATION OF Rtl
app



Ex Every NaturalNUMBER R CAN BE ARMEDAS A SUMOF DISTINCT
NONNEGATIVE WAGER POWERSOF 2

Proof We PROCEDEBY STRONGINDUCTION
BASIS OBSERVE THAT 1 20 THUS THE RESULTHOLDS For n 1

STRONG INDUCTION NOW ASSUME THE RESULT HOLDS For ALLNATURALNUMBERS ER
WEMUSTSHOWTHE RESULTHOLDS For Rt 1

LET I BE THE LARGEST INTEGER SUCH THAT 2h E Nt 1
Se m nti 2h so Ntl 2h M
Since 21 1 ITFacows THAT O E M E R

case1 IF M O Hen nt1 21
case2 IF 1 E M E R THEN BY STRONG INDUCTION HYPOTHESIS

THE RESULT HOLDS ER M LET

M 2 t 29 t 29

ANDIT FOLLOWS THAT

ntl 21 2 t 29 t 29

ALLTHATREMAINS IS TOSHOWTHAT I A For ANY I E I E j
That is THATALL Powersof 2 ARE DISTINCT

Suppose For SAKEOF COMRADICTION THAT L A FOR SOME SPECIFIC i
TM

na 2h 29 t 29 t 29

2 21 2h
2ktl

Therefore 2kt E Nt 1 But THIS COMRADIUSTHEFACT THAT l is
THE LARGEST INTEGER SUCHTHAT 2h E Nt 1



10.3 ProofBYSMALLEST COUNTEREXAMPLE

EX FOREVERY INTEGER R 27 THEREEXIST POSITIVE INTEGERS ACIb SUCHTHAT

n Za 3b

Proof Proof BYSMALLEST COUNTEREXAMPLE

i FIRST OBSERVE THAT 7 2 2 3 1 8 2.1 3.2
SO THE RESULT HOLDSFOR N 7 N 8

KI FenSAKEOF CONTRADICTION SUPPOSE NOT EVERY INTEGER R 7
CAN BE WRITTENAS Za 2b For SOME POSITIVE INTEGERS a b

3 Let K 1 Be THESMALLEST INTEGER 27 FOR WHICH NO SUCH
a b exist

4 SINCE RESULT HOLDS For N 7,8 WE KNOW K 9 AND K 227
SINCE K 2 IS LESSTHANSMALLEST INTEGER 27 For WHICH NO
SUCH a b Exist WE HAVE Positive INTEGERS X y WITH K 2 2 34TH

k k 2 2 2 34 2 2 lx ti 34
Setting a x I e k and b y Ek we see k 2a 3b
THIS CONTRADICTSTHE DEFINITIONOF K SEEPAN 31 app

COULDWE HAVEUSED STRONG INDUCTION INSTEAD



ex UneIN 24 152 1

Proof ProofBY SMALLEST COUNTEREXAMPLE

FIRST OBSERVETHAT For ne 1 52 I 25 1 24 1
SHOWTHAT 24 52 1

NOW ASSUME For SAKEOF CarlMDICTION THAT 11 Is NotTrue
THAT 24 5 1 FOR ALL REIN
LET K BE THESMALLEST POSITIVE INTEGER SUCHTHAT 248152K 1

Then 24 5 1 and so 52 I 24 x fan some Xe IN

MULTIPLYING BOTHSIDESBY 25 Gives

25.521k 25 25 246

52K I 25 24 x 24 24 25X t 1

WITH 25 1 EX THEREFORE 24 5 I

THIS IS A COMRADICTION THUSOUR ASSOMPTION IS FALSE IT IS TRUETHAT
24115 i the IN

my


