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Definition 4.1 An integer n isleven if n = 2a for some integer a € Z. 2w, -5 . ©
Definition 4.2 An integer n islodd if n = 2a + 1 for some integer a € Z. E N Y
Definition 4.3 Two integers have the same parity if they are both
even or they are both odd. Otherwise they have/opposite parity:
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Definition 4.4 Suppose a and b are integers. We say that a divides b, b \ e 3 /r o

written a | b, if b = ac for some c € Z. In this case we also say that a is a
divisor of b, and that b is a multiple of a.
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Definition 4.5 A number n €N is prime if it has exactly two positive
divisors, 1 and n. If n has more than two positive divisors, it is called
composite. (Thus » is composite if and only if n =ab for 1<a,b<n.)
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Definition 4.6 The greatest common divisor of integers a and b, | Agowe a,b ©of 2y O
denoted ged(a, b), is the largest integer that divides both a and 5.

The least common multiple of non-zero integers a and b, denoted
lem(a, d), is the smallest integer in N that is a multiple of both a and &. GC’B( 0'5\ =5

Fact 4.1 If @ and b are integers, then so are their sum, product and
difference. That is, ifa,b€ Z, thena+becZ, a-beZ and abe Z.

(The Division Algorithm) Given integers a and b with b > 0, there exist
unique integers ¢ and r for whicha=¢b+r and 0<r<bd.
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. Proposition Let a,b and ¢ be integers. Ifa|b and b | ¢, then a | c.

Proof. Suppose a|b and b |c.

By Definition 4.4, we know a | b means b =ad for some d € Z.
Likewise, b | c means c = be for some e€ Z.

Thus c =be =(ad)e =a(de), so c =ax for the integer x = de.
Therefore a | c. a
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L Proposition Ifa,b,ceN, then lem(ca,cb)=c-lecm(a,b).
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Proof. Assume a,b,c € N. Let m =lem(ca,cb) and n = c¢-lem(a,d). We will
show m = n. By definition, lem(a, ) is a positive multiple of both a and b, so
lem(a,b) = ax = by for some x,y € N. From this we see that n =c-lem(a,d) =
cax = cby is a positive multiple of both ca and c¢b. But m =lem(ca,cbd) is the
smallest positive multiple of both ca and c¢b. Thus m <n.

On the other hand, as m =lem(ca,cb) is a multiple of both ca and cb, we
have m = cax = cby for some x,y € Z. Then %m =ax = by is a multiple of both
a and b. Therefore lem(a,b) < %m, so ¢-lem(a,b) <m, that is, n < m.

We've shown m <n and n <m, so m =n. The proof is complete. |



ex_. Proposition Let x and y be positive numbers. If x <y, then /x < /y.
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Proof. Suppose x < y. Subtracting y from both sides gives x —y <0.

This can be written as ya*— /3 <0.

Factor this as a difference of two squares to get (vx— /) (vx+ /) <0.
Dividing both sides by the positive number /x + ,/y produces /x —/y < 0.
Adding ,/y to both sides gives v/x < /3. [ |

X. 9. Suppose a is an integer. If 7| 4a, then 7| a.

Proof. Suppose 7|4a.

By definition of divisibility, this means 4a = 7¢ for some integer c.

Since 4a = 2(2a) it follows that 4a is even, and since 4a = 7¢, we know 7c¢ is even.
But then ¢ can’t be odd, because that would make 7¢ odd, not even.

Thus c is even, so ¢ = 2d for some integer d.

Now go back to the equation 4a = 7¢ and plug in ¢ =2d. We get 4a = 14d.
Dividing both sides by 2 gives 2a = 7d.

Now, since 2a = 7d, it follows that 7d is even, and thus d cannot be odd.

Then d is even, so d = 2e for some integer e.

Plugging d = 2e back into 2a = 7d gives 2a = 14e.

Dividing both sides of 2a = 14e by 2 produces a = 7e.

Finally, the equation a = 7e means that 7| a, by definition of divisibility. [ ]

ex- 26. Every odd integer is a difference of two squares. (Example 7 = 42 — 32, etc.)
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ex 16. If two integers have the same parity, then their sum is even. (Try cases.)

foog s Assue x,,el e swe (.

a bel
wi#H e Z;

\

Cae 1 Xy b ees, fes x=1a | y:2b
’ﬂ'!&)o X+7 z Jox b = ?,(tub\ = 2¢c
X+7 s eves |

Al

Ol y B wo. Mo x=lax\ y=2bel | a,bel.
T X+Y = Jo+\ + Zbh4 | = ’L(a+b+\\ = ¢ ) czosb+ el
e X+\, S evedD .

’fﬁus‘ N eduen (A X*\’ 1§ v

Towear Caes: N s /iee]o Y euett o [nov-eut sef
‘} Even [ooD <Y A% Uawe <1 =1 >4
245 smum Caes

ex. 17. If two integers have opposite parity, then their product is even.
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