
 
CH7 PROVING NONConditionalStatements

I ONLY IF
I EQUIVALENT STATEMENTS
S EXISTENCE EXISTENCE CAGINESS

7.1 IF ANDONLY IF I CONSTRUCTIVEUS NOWCHAHINE Proof

To Prove P Q WE Must Prove BOTH CONDITIONAL STATEMENTS

P Q and Q P convense STATEMENTS

For EACH WECAN USE IN DIRECT Proof
2 CONTRAPOSITIVE OR
3 PROOF BY CONTRADICTION

ex

Proof FIRST WE SHOW THAT IF X IS ODD THEN 3 6 is ODD
WEDO THIS DIRECTLY
Assume X 2n 1 FOR SOME NE K
THEN 3 6 312nA 6 Gn 8 I 213h 4 1
Since 3ntY E Z IT FOLLOWS THAT 3 6 is ODD

Conversely WE NOW SHOW THAT IF 3 6 IS ODD THEN X IS ODD
WEDO SO BY PROVING THE CONTRAPOSITIVE STATEMENT

IF X IS EVEN THEN 3 6 IS EVEN
ASSUME X 2N For SOME NER
Then 3 6 312h 6 2 3nt3
Since 3nt3 EK IT FOLLOWS THAT 3 6 IS EVEN
THIS IOMPLETES THEProof

My

7.2 EQUIVALENT STATEMENTS

THE FOLLOWING AREEQUIVALENT

in Pix

Iggy
means Palau lantern nesses

13 R x
BUT INSTEAD OF PAVING THESE 6 CONDITIONAL STATEMENTS

WE HAVE OPTIONS

PH QIN
µ

If PA is TRUE THENQA IF QA is True
I

SA RA IF PA IS FALSE THEN SA IS FALSE

If SA is FALSE
4 CONDITIONAL STATEMENTS



on
PA QA ESSA

5 CONDITIONALSTATEMENTS

rat
OR ANY SETOF IMPLICATIONS SO THAT IF ANY STHEMENT IS TRUE
THEN ALLSTATEMENTS ARE TRUE AND IF ANY STATEMENT IS FALSE
THEN ALL STATEMENTS ARE FALSE

Note MORE EQUIVALENT STATEMENTS MORE WAYSTO PROVEIT

e.g 6 STATEMENTS a f

6 CONDITIONAL

STATEMENTS

7 CONDITIONAL CONDITIONAL

STATEMENTS STATEMENTS

7.3 EXISTENSE Proofs Existence UNIQUENESS Proofs

ex

EXISTENCE TAM THERE EXISTS A FUNCTION F SUCH THAT F IS DIFFERENTIABLE Al O
But f IS NOT CONTINUOUS AT O

Proof Consider fix x'sin I if X O
O if X O

Then f lo Lin flat flox o
Lin x'sin I

x Imo xsw E
X o

Since X E X Sin E E X For ALL X O
ITFOLLOWS BY THE SQUEEZE THEOREM THAT

f lol Lin x sin E o

INPARTICULAR F IS DIFFERENTIABLE AT O



IF X ONow fly fxsw I
cos k

y o

But In f lx In 2x sin I cos I

In 2x sin I fly cos I Doesnot exist

These
Titus Lin f lx f o i.e F is not continuousAT 0 on

y fix

y F x



e g GCD12,16 4 371121 1 41116
GCD14,22 2 311141 127122

Proof Assume a be IN
CONSIDERTHESET A fax by x y e 28 A CONTAINS BOTHPOSENEGELEMENTS

Set d SMALLEST POSITIVE ELEMENT of A wilt d akt bl Forsome K lek

We NOW SHOW THAT d GCD a b BY showing dla dlb
so d is A common Divisor of a b and d is THE GREATEST

COMMON DIVISOR of a É b

THE DIVISION ALGORITHM GIVES A daft r For some q rek with O Er
c d

s

re a dog a laktbelq all kg bl lg
Titus r EA Since d is THESMALLEST POSITIVE ELEMENTOF A AND OEr d
ITFOLLOWS THAT 5 0 Thus d a

A SIMILAR ARGUMENT WITH b dqtr with Oered shows dlb

Titus d is A common Divisor of a b

Let a GCD a b m and b GCDaib n Fon some MNEZ
So d akt be GCD a b mkt GCD a b nd

GCDlab mkt nl
Titus d is A Positive multiple of GCDlab and so d GCD aib
Since d is A COMMON DIVISOR of a b IT CANNOT BE GREATER THAN GCD a b

THEREFORE d GCD a b
a



7.4 Constructive vs Non Constructive Proofs

WESHOW SUCH THINGSEXIST WITHOUT EXPLICITLY SAYINGWHATTHEYARE

Proof non constructive Let a VE E b VI

IF A IS RATIONAL THEN SET X VI y V2
THAT IS X Y ARE IRRATIONAL AND XY IS RHINAL

IF a is IRRATIONAL THEN SET X a VIM yebe V2

Then X Y ARE IRRATIONAL AND XY VIT V22 2 IS RATIONAL

WE GIVE AN EXPLICIT EXAMPLE

Proof constructive Let x V2 y log 9

Ten XY fly 124213 V22 s 3 2453 3 is rational

SINCE IT IS IRRATIONAL PREVIOUSLY PROVED IN CH6 WE ARE DONE IF
WE CAN SHOW Log9 IS IRRATIONAL

Assume BY WAYOF CONTRADICTION
Log9 E a bell

Then 2 9 i.e 29 9

But 29 is even 9h is ODD
app


