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5.8 Theorem. Suppose x ∈ R. If x5 − 4x4 + 3x3 − x2 + 3x− 4 ≥ 0, then x ≥ 0.

Proof. We prove the contrapositive statement:

If x < 0, then x5 − 4x4 + 3x3 − x2 + 3x− 4 < 0.

Assuming x is negative, it follows that even powers of x are positive and odd powers
of x are negative. In the given polynomial, even terms have negative coefficients
and odd terms have positvie coefficients so that every term of the polynomial is
negative. Therefore, the sum of all the terms is negative. That is, the polynomial
x5 − 4x4 + 3x3 − x2 + 3x− 4 < 0. �

5.12 Theorem. Suppose a ∈ Z. If a2 is not divisible by 4, then a is odd.

Proof. We prove the contrapositive statement:

If a is even, then a2 is divisible by 4.

So let us assume a is even. Then a = 2n for some integer n and

a2 = (2n)2 = 4n2.

Therefore a2 is divisible by 4. �

5.20 Theorem. If a ∈ Z and a ≡ 1 (mod 5), then a2 ≡ 1 (mod 5).

Proof. Here we proceed by direct proof. Assume a ≡ 1 (mod 5). By definition, this
means that 5 divides the difference a−1, and so a−1 = 5n for some integer n. Thus
a = 5n + 1 and

a2 = (5n + 1)2 = 25n2 + 10n + 1 = 5(5n2 + 2n) + 1.

Let c equal the integer 5n2 + 2n. We now have a2 = 5c + 1 and, equivalently,
a2 − 1 = 5c. Therefore, by definition, a2 ≡ 1 (mod 5). �

6.2 Theorem. Suppose n ∈ Z. If n2 is odd, then n is odd.

Proof. Assume, for the sake of contradiciton, that n2 is odd and n is even. Then
n = 2a for some integer a and

n2 = (2a)2 = 4a2 = 2(2a2).
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Since 2a2 is also an integer, this shows that a2 is even, which contradicts our as-
sumption. �

6.8 Theorem. Suppose a, b, c ∈ Z. If a2 + b2 = c2, then a or b is even.

Proof. Assume, for the sake of contradiction, that a2 + b2 = c2 and that a and b are
both odd. Since the product of two odd integers is odd, it follows that a2 and b2 are
both odd, and so c2 = a2 + b2 is even. Again, since the product of two odd integers
is odd, it must be that c is even, for otherwise c2 would be odd.

Now let us set a = 2x + 1 and b = 2y + 1 for some integers x and y. We have

c2 = a2 + b2

= (2x + 1)2 + (2y + 1)2

= 4(x2 + y2 + x + y) + 2.

Setting n equal to the integer x2 + y2 + x + y, this says that c2 = 4n + 2. In other
words, c2 ≡ 2 (mod 4), and so c2 is not divisible by 4. From Chapter 5 Exercise 12
above, it follows that c is odd, a contradiction. �

6.10 Theorem. There exist no integers a and b for which 21a + 30b = 1.

Proof. Assume, for the sake of contradiction, that x and y are integers such that

21a + 30b = 1.

Then
3(7a + 10b) = 1,

and so

7a + 10b =
1
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Since 7a + 10b is an integer and 1/3 is not, this is a contradiction. �
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